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In this work we study oscillating soliton stars (oscillatons) with network of domain walls. We
consider a Lagrangian with three scalar fields coupled among themselves by a specific potential.
We choose an appropriate potential to admit the formation of network of domain walls on the
oscillatons. With small perturbations applied to this potential, we then compute the Einstein-
Klein-Gordon (EKG) equations numerically and analyze the mass profile of this new object. From
the results we discuss how the stability of the oscillatons is affected by the network. At some
conditions the network provides a ‘bouncing stability’ to the oscillatons.
PACS numbers: 11.27.+d, 11.30.Er, 97.10.Cv
I. INTRODUCTION
A new class of astronomical objects was proposed by Friedberg, Lee, and Pang (1987) and called these objects
soliton stars [1–3]. These stars are objects of interest because they exhibit some remarkable properties. According
to general relativity, if a star becomes massive enough, or captures enough matter greater than a critical value Mc,
the star would undergo violent processes, either by expelling some of its mass and becoming a neutron star or a
white dwarf with M < Mc, or by collapsing into a black hole. Soliton star can exist with a very large stable cold
mass configuration without becoming a black hole. Ordinary cold star like a white dwarf or a neutron star cannot
have mass greater than five solar masses (5M⊙ at zero angular momentum) [4, 5]. Soliton star is a type of stellar
configuration that can have a very large mass (> 5M⊙), a very small volume and very high density. For example, a
mini-soliton star could have a radius 6× 1010cm, a mass of 1010kg and density 1041 times that of a neutron star [6].
In quantum field theory, when a discrete symmetry is spontaneously broken, for instance a Z2 symmetry, a domain
walls can form. For other ZN symmetries, with N > 2 we have the possibility of having intersection of domain walls
forming junctions, and then network of domain walls. In the context of soliton star there is the possibility for this
network of domain walls to be entrapped on its surface, see [7]. For numerical realizations of such configurations in
flat space see [8]. Such network can appear for instance due to QCD phase transition which is governed by the SU(3)
group whose center is the discrete Z3 symmetry. At the same scale, primordial black holes can also appear [9–11].
Thus, the network once formed may affect the stability of the soliton stars and can drive the rate of formation of such
black holes.
It has been long known that classical field theories admit non-topological soliton solution [12]. These include Q-
balls [13], scalar soliton stars and boson stars [14]. They are configurations made up of complex scalar fields, through
nonlinear couplings of the scalar field to itself to other matter fields or to gravity. In the cases presented above, the
conserved current is as a result of the global U(1) symmetry of the complex fields. But in the case of real scalar field,
because of the absence of such symmetry there is no non-topological soliton solution. It can be shown that a massive
real scalar field satisfying the Klein-Gordon equation can form a self-gravitating solitonic object when coupled to
Einstein gravity. This new class of objects is not static, but rather periodic in time. We call such objects oscillating
soliton stars [15].
In this work we will investigate the formation of networks with the oscillating soliton star and study how the network
affect the stability of the star by examining the mass profile. We execute this idea starting with appropriate model,
described by three real scalar fields, introduced in line with [16]. An adjustment in the form of small perturbations
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2applied to the potential will indicate where the network is formed with respect to the oscillating soliton star. This
may give rise to three possibilities, that is having the network formed inside, or on the surface, or outside the star.
We analyze the stability of this new type of self-gravitating object and its significant role it can play in cosmology,
as a dark matter candidate or as a significant source of gravitational wave. Since primordial black holes can also
be candidates to dark matter [17] these new oscillating soliton stars (oscillatons) with network of domain walls can
offer the possibility to uncover new scenarios. As source of gravitational waves some interesting new scenarios can
also happen. For instance, rotating sources of two such objects can suffer transition to two black holes before they
can be merged — a signature that may appear in the detection of gravitational waves [18] and electromagnetic waves
from the same event. As we shall show, the stability os such oscillatons is affected by slightly perturbing the network
from their surface. Then approximating sources of such objects tidal forces can deform their surface in relation to the
network destroying their stability driving them to collapse to black holes.
This work will be organized as follows: In Sec. II we will introduce the basic aspects of the study of oscillating
soliton star. Sec. III will contain the oscillating soliton star with network of domain walls. Finally Sec. IV will hold
comment, discussion and summary of the work.
II. OSCILLATING SOLITON STARS
In this section let us quickly review the non self-interacting single scalar field model. The most complete action
describing a self-gravitating real scalar field in curved space-time is
S =
∫
d4x
√−g
[
R
2κ2
+ Lm
]
, (1)
where κ2 = 8piG, g = det gµν , R is the Ricci scalar, and Lm is the Lagrangian for matter field. In this section, working
with one scalar field we define the Lagrangian as
Lm = 1
2
[gµν∂µφ∂νφ− V (φ)], (2)
where φ is the scalar field and V (φ) = m2φ2 is the potential when we consider free-field case with m being the mass
of the field. Variation of this action with respect to the scalar field gives the Klein-Gordon equation, as
φ =
1
2
∂V
∂φ
(3)
being  ≡ 1√−g∂µ(
√−ggµν∂ν) the D’Alembertian in curved space. On the other hand, the variation of the action
with respect to the metric gµν leads to the Einstein field equations given by
Rµν − 1
2
gµνR = κ
2Tµν (4)
where Tµν = ∂µφ∂νφ− gµνLm is the energy-momentum tensor.
Consider therefore a general time dependent, spherically symmetric geometry in a simple example of oscillating
soliton stars, as a real massive Klein-Gordon scalar field, coupled to gravity as described in [15, 19, 20]. In the absence
of angular momentum we consider the soliton solution to be spherically symmetric. The spherically symmetric line
element is written in the form
ds2 = −N2(t, r)dt2 + g2(t, r)dr2 + r2dθ2 + r2 sin2(θ)dϕ2, (5)
with N2(t, r) being the lapse function and g2(t, r) the radial metric function. Let us start by taking the case analyzed
by [15], and write the coupled Einstein-Klein-Gordon (EKG) equations as:
the t− t component
(g2)′ = −g2
(
g2 − 1
r
)
+ 4piGrg2
(
φ˙g2
N2
+ φ
′2 + g2m2φ2
)
, (6)
the r − r component
(N2)′ = N2(
g2 − 1
r
) + 4piGr(N2φ
′2 −N2g2m2φ2 + φ˙2), (7)
3the t− r component
g˙ = 4piGrgφ˙φ′. (8)
We follow equation (3) to write the Klein-Gordon equation as
φ¨− N˙ φ˙
N
=
(N2)′
2g2
φ′ +
N2
g2
[
φ′′ − (g
2)′φ′
2g2
− 2gg˙
N2
]
+
2N2φ′
g2r
−m2N2φ, (9)
where the over-dot represent ∂
∂t
and the prime denote ∂
∂r
. For numerical convenience we define the dimensionless
quantities r → r/m, t → t/m, Φ → φ√
κ2
where we note that the bosonic mass is the natural scale for time and
distance. Also in order to deal with the non-linearity present in the EKG equations, it is convenient to introduce new
variables where A(r, t) = g2 and C = [g(r, t)/N(r, t)]2 [19–22]. The EKG equations (6)-(9) now becomes
A′ = −A
(
A− 1
r
)
+
Ar
2
[
CΦ˙2 +Φ
′2 +AΦ2
]
, (10)
C′ =
2C
r
[
1 +A(Φ2r2 − 1)] , (11)
CΦ¨ +
1
2
C˙Φ˙ = Φ′′ +Φ′
(
2
r
− C
′
2C
)
−AΦ, (12)
A˙ = 2rAΦ˙Φ′. (13)
These equations have no equilibrium solutions which are time independent (static metric component). All known
static solutions to the system either have singularities or are topologically nontrivial [23]. The nature of equations
(10)-(12) suggests periodic expansion of the form
A(r, t) =
∞∑
j=0
A2j(r) cos(2jωt); (14)
C(r, t) =
∞∑
j=0
C2j(r) cos(2jωt); (15)
Φ(r, t) =
∞∑
j=1
φ2j−1(r) cos[(2j − 1)ωt], (16)
where ω is the fundamental frequency and will be absorbed in the redefinition of the time variable in the numerical
calculations. The actual solution is an infinite Fourier expansion of the above form that is convergent [15, 19].
A. Eigenvalue problem and the boundary conditions for equilibrium configurations
We put these expansion into equations (10)-(12), and set each Fourier coefficient to zero, to obtain a system
of coupled nonlinear ordinary first-order differential equations for A2j(r) and C2j(r), and second order differential
equations φ2j−1(r). Eq. (13) is used as an algebraic equation to determine A0.
The boundary conditions are given by the following requirements:
i) Asymptotic flatness: this requires that as r →∞, A(r =∞, t) = 1 and φ(r =∞, t) = 0. The coefficient A0(∞) = 1,
Aj(∞) = 0 for j 6= 0, φj(∞) = 0 for all j, and Cj(∞) = 0 for j 6= 0.
ii) Non-singularities: at r = 0, the absence of a conical singularity implies A2j(r = 0) = 0. The requirement that the
metric coefficients be finite at r = 0 implies φ′(r = 0) = 0.
4The set of equations (10)-(12) becomes an eigenvalue problem. Thus, it is necessary to determine the initial values
φ2j−1(0), C2j(0), corresponding to a given central value φ1(0). To proceed, we truncate the system of equations after
a certain maximum j = jmax = 1, numerically solve the eigenvalue problem by using the Runge-Kutta fourth-order
method, and study the convergence of the series as function of j = jmax.
The soliton star total mass M . Asymptotically any soliton star (or boson) metric resembles Schwarzschild metric,
which allows us to associate the metric coefficient grr = (1 − 2M/r)−1, where M is the ADM mass defined for an
asymptotically flat spacetime and grr = g
2(r, t) = A(r, t). It can be calculated as
M = lim
r→∞
r
2
[
1− 1
A(r, t)
]
M2Planck
m
(17)
where r is the outermost point of numerical domain. For a recent discussion on this issue and boson stars, see for
example [24, 25].
A typical oscillaton solution is shown in Fig. 1. The radial metric function A(r, t), for the case of φ1(0) = 0.4 is
plotted for individual A2j for the first few values of j. Though we are solving non-linear equations, the Fourier series
converges rapidly.
In Fig. 2 the mass M of the star is plotted as a function of the central field φ1(0). This mass curve is similar
to those of white dwarfs, neutron stars, and boson stars, with a maximum mass given by Mc ≈ 0.132M2planck/m at
φ1c(0) ≈ 2.0. The branch to the left of the maximum is the stable branch traditionally called the S-branch. Stability
here means that the stars on this branch move to new lower mass configurations on the same branch under small
perturbations. To the right is the unstable branch called U-branch. U-branch are stars inherently unstable to small
perturbations and collapse to black hole. In this regime, even small increase in mass will induce the collapse of the
star into a black hole or lose of mass through scalar radiation will cause it to migrate to the S-branch.
FIG. 1: A typical solution to the truncated eigenvalue equations (jmax = 1) of the expansion of the metric A(r, t). The solid
line shows A0 and the dotted line shows A2.
III. OSCILLATING SOLITON STARS WITH NETWORK OF DOMAIN WALLS
Let us explore the idea of having a network of domain walls living on an oscillating soliton star. In this present
work we offer a model that contains combined ideas of the basic mechanism seen in section II and the ideas treated in
Refs. [7, 16]. The model will ultimately lead to the scenario of oscillating soliton stars hosting a network of domain
walls (or defects). This will be done by employing a Lagrangian which is made up of three scalar fields that is coupled
among themselves by a potential. In line with [7], we will consider the Lagrangian to be
Lm = 1
2
∂µφ∂
µφ+
1
2
∂µχ∂
µχ+
1
2
∂µσ∂
µσ − V (φ, χ, σ). (18)
This model is made up of three real scalar fields that is coupled among themselves by the potential V (φ, χ, σ). Putting
this potential into the action given by equation (1) and varying it with respect to the scalar fields (σ, φ, χ) lead to the
5FIG. 2: The total mass M of the oscillating soliton star (in units of M2Planck/m) is plotted as a function of central density φ(0)
for stars in their first excited state φ1(0). The circles represent actual configurations resulting from solutions to the eigenvalue
equations.
following Klein-Gordon equations
1√−g∂µ(
√−ggµν∂νφ)− ∂V (φ, χ, σ)
∂φ
= 0, (19)
1√−g∂µ(
√−ggµν∂νχ)− ∂V (φ, χ, σ)
∂χ
= 0, (20)
1√−g∂µ(
√−ggµν∂νσ)− ∂V (φ, χ, σ)
∂σ
= 0. (21)
A. The model at Minkowski space
Generally we are interested in the model that should be able to describe a spherical soliton star via the scalar field
σ (host field), by breaking its Z2 symmetry under the shift σ → σ − 12σ0, to entrap the other two fields (φ, χ) with a
Z3 symmetry on its surface [7]. We obtain this by considering the potential of the form
V =
1
2
µ2σ2(σ − σ0)2 + λ2(φ2 + χ2)2 − λ2φ(φ2 − 3χ2) + [λµ(σ − 1
2
σ0)
2 − 9
4
λ2](φ2 + χ2), (22)
where σ = 0 and σ = σ0 are the true and false vacua corresponding to the standard soliton star.
We use the equations of motion to see that in the false and true vacua σ ≈ σ0 and σ = 0, respectively, the fields
(φ, χ) turn out to be zero. For scalar fields φ, χ = 0 the theory (22) allows the field σ to form a soliton solution. We
note that at Minkowski space such a solution can be found by using the following first order differential equation
dσ
dR
= µσ(σ − σ0) =Wσ, (23)
whereWσ =
dW
dσ
. The function W = µ(σ3/3−σ2σ0/2) is well-known as the ‘superpotential’ that defines the potential
V (σ, 0, 0) = (1/2)W 2σ [26]. Integrating equation (23) gives the solution
σ =
σ0
2
[
1− tanh µσ0(R −R0)
2
]
. (24)
6This solution indicates that at the surface of the star (R ≃ R0) the sigma field goes to (1/2)σ0. This represent
approximately [27] a spherical wall (the soliton star surface) with surface tension [7]
th ≃ |W (σ0)−W (0)| = 1
6
µσ30 . (25)
When σ ≃ (1/2)σ0 the other two scalar fields (φ, χ) develops vacua that respects the Z3 symmetry, and describe
three-junctions of domain walls which allow the formation of a network on the surface [7, 16]. The solution also
indicates that outside (R > R0) and inside (R < R0) the star the sigma field goes to < (1/2)σ0 and > (1/2)σ0
respectively.
B. Einstein-Klein-Gordon equations for three scalar fields
In this section, we will calculate the EKG equations for three scalar fields using the potential defined by equation
(22) in curved space. The soliton star solutions now can be found only numerically, as we shall see shortly.
The Einstein’s equation for three scalar fields coupled with each other aided by a potential are obtained from the
variation of the action given with respect to the metric tensor gµν that leads to
Rµν − 1
2
gµνR = κ
2T(φ,χ,σ)µν , (26)
where T(φ,χ,σ)µν is the energy-momentum tensor for the scalar fields.
To proceed we will consider the following conditions. The constants are assumed λ = µ = 1 on the GeV scale
[3, 6] and the sigma field is considered to be periodic in time, whereas the other two fields (φ and χ) are static. The
potential then becomes
V =
1
2
σ2(σ − σ0)2 + (φ2 + χ2)2 − φ(φ2 − 3χ2) +
[
(σ − 1
2
σ0)
2 − 9
4
]
(φ2 + χ2). (27)
The general energy-momentum tensor associated with it is
T(φ,χ,σ)µν = ∂µφ∂νφ+ ∂µχ∂νχ+ ∂µσ∂νσ
− 1
2
gµν [∂
αφ∂αφ+ ∂
αχ∂αχ+ ∂
ασ∂ασ + V (φ, χ, σ)].
(28)
Using the spherical symmetric line element given in equation (5), we follow Refs. [14, 15, 19, 20] and write Einstein’s
equations as:
the t− t component
(g2)′ = −g2
(
g2 − 1
r
)
+ 4piGg2r
[
g2
N2
σ˙2 + σ′2 + φ′2 + χ′2
]
+ 4piGg2r
[
g2
(
1
2
σ2(σ − σ0)2 + (φ2 + χ2)2 − φ(φ2 − 3χ2) + [(σ − 1/2σ0)2 − 9/4](φ2 + χ2)
)]
,
(29)
the r − r component
(N2)′ = N2
(
g2 − 1
r
)
+ 4piGr
[
g2σ˙2 +N2(σ′2 + φ′2 + χ′2)
]
+ 4piGr
[
N2g2
(
1
2
σ2(σ − σ0)2 + (φ2 + χ2)2 − φ(φ2 − 3χ2) + [(σ − 1/2σ0)2 − 9/4](φ2 + χ2)
)]
,
(30)
the t− r component
g˙ = 8piGrgσ˙σ′. (31)
In order to find the Klein-Gordon equations we use Eqs. (19)-(21) with the potential defined in equation (27). They
can be written as
σ¨ −
˙(N2)σ˙
2N
=
(N2)′σ′
2g2
+
N2
g2
[
σ′′ − (g
2)′
2g2
σ′ −
˙(g2)
N2
σ˙
]
+
2N2σ
rg2
−N2Vσ, (32)
7φ′′ =
(g2)′
2g2
φ′ − (N
2)′
2N2
φ′ − 2φ
′
r
+ g2Vφ, (33)
χ′′ =
(g2)′
2g2
χ′ − (N
2)′
2N2
χ′ − 2χ
′
r
+ g2Vχ, (34)
where Vσ =
∂V (σ,φ,χ)
∂σ
, Vφ =
∂V (σ,φ,χ)
∂φ
, and Vχ =
∂V (σ,φ,χ)
∂χ
.
As done in Sec. II, we consider change of variables (A(r, t) = g2, C(r, t) = [g(r, t)/N(r, t)]2) in other to deal with the
non-linearity present in the Einstein’s equation. It is also convenient to perform suitable re-scaling of the parameters
leading to dimensionless quantities. For this reason, we use the following dimensionless variables 4piG = 1, r → r/mσ,
C → Cm2σ/ω2 and t→ ωt. Here mσ is the mass of the σ field computed at the true vacuum i.e., m2σ = Vσσ |σ=0 = σ20 .
The coupled Einstein-Klein-Gordon equations now take the form
A′ = A
(
1−A
r
)
+Ar
[
Cσ˙2 + σ′2 + φ′2 + χ′2
]
+A2r
[
1
2
σ2(σ − σ0)2 + (φ2 + χ2)2 − φ(φ2 − 3χ2) + [(σ − 1/2σ0)2 − 9/4](φ2 + χ2)
]
,
(35)
C′ =
2C
r
− 2CA
r
+ 2CAr
[
1
2
σ2(σ − σ0)2 + (φ2 + χ2)2 − φ(φ2 − 3χ2) + [(σ − 1/2σ0)2 − 9/4](φ2 + χ2)
]
,
(36)
Cσ¨ = −1
2
C˙σ˙ + σ′′ + σ′
(
2
r
− C
′
2C
)
−AVσ , (37)
Cφ′′ =
C′φ′
2
− 2φ
′C
r
+ CAVφ, (38)
Cχ′′ =
C′χ′
2
− 2χ
′C
r
+ CAVχ, (39)
A˙ = rAσ˙σ′. (40)
The simplest solutions to equations (35)-(39) are periodic expansions of the form
A(r, t) =
Jmax∑
j=0
A2j(r) cos(2jωt), (41)
C(r, t) =
Jmax∑
j=0
C2j(r) cos(2jωt), (42)
σ(r, t) =
Jmax∑
j=1
σ2j−1(r) cos[(2j − 1)ωt], (43)
where ω is the fundamental frequency and again will be absorbed in the time variable. Jmax is the value of j at which
the series is truncated for numerical computation.
8C. Numerical analysis
We want to study the effect of network of domain walls with an oscillating soliton star, with the help of a Lagrangian
containing three scalar fields (σ, φ, χ), where the sigma field (σ) serves as shell of the star (or the host field) and the
remaining two scalar fields (φ and χ) are responsible for the formation of the network. In other to accomplish this
task it is necessary to consider two cases where we use two types of perturbations.
1. Case 1. Perturbations of the potential
In this case we study the formation of network of domain walls with oscillating soliton stars, by changing σ to work
around the parameter σ0. This leads to small perturbations of the potential, resulting in the possible disturbance of
the network around the surface of the star. This is done by considering σ ≈ σ0+ η, where η ≪ σ0 (η is a perturbation
field). Depending on how we choose the relation between σ and σ0 based on equation (24) will tell us whether the
network is entrapped inside the star, or the network is exactly on its surface, or outside the star. Thus leading to
these three possibilities:
a) The network forming inside the star (σ ≈ σ0 + η)
b) The network forming on the surface of the star (σ ≈ (1/2)σ0 + η)
c) The network forming outside the star (σ ≈ (1/4)σ0 + η).
By imposing these conditions (a, b, and c) on equations (35)-(39), we find sets of EKG equations for each possibility
under this kind of perturbations. We solve the EKG equations by invoking the same boundary conditions used in
section (IIA) only that in this case we are working with three scalar fields. The series is truncated after jmax = 1 and
the Fourier coefficient are set to zero. The Figs. 3 demonstrate typical numerical results for the metric grr = A(r, t).
(a)Network inside the oscillaton (b)Network on the surface the oscillaton
(c)Network outside the oscillaton
FIG. 3: A typical solution to the truncated eigenvalue equations (jmax = 1) of the expansion of the metric quantity A(r, t) for
the three possibilities under this perturbations. These simulations are computed for the central densities σ1(0) ≈ 0.1, φ1(0) ≈ 0,
and χ1(0) ≈ 0. The solid line shows A0 and the dotted line shows A2.
The convergence of the series is significant, regardless of the non-linearity of the EKG equations.
Let us study the dynamics of the mass profiles of the oscillaton stars under this perturbation. In Fig. 4(a) the
mass increases monotonically until it reaches a value Mc ≈ 0.11M2Planck/mσ (critical mass) after which it start to
decrease. The critical mass in this sense is the combined maximum mass (mass of the star and the network) that the
9(a)Oscillaton with network inside (b)Oscillaton with network on the surface (c)Oscillaton with network outside
FIG. 4: The total mass M of the oscillating soliton star (in units of M2Planck/mσ) is plotted as a function of central density
σ1(0), for all three possibilities. The central densities for the other two fields are fixed at φ1(0) ≈ 0 and χ1(0) ≈ 0. The circles
represent actual configurations resulting from solutions to the eigenvalue equations.
star attains before it collapses into a black hole. Similar to the case without network, the branch to the left of the
maximum point is the stable branch, and to the right is the unstable branch. Looking at the critical point σc(0) ≈ 2.3
this suggest a decelerated decay as compared to Fig. 1.
The behavior of mass of the oscillaton with network on its surface is shown in Fig. 4(b). An important point arises, we
observed that, the mass increases monotonically until it reaches a point (local maximum ML) ML ≈ 0.1M2Planck/mσ,
after which it starts to increase again rapidly. This presents a different behavior from the mass profile well-known
in other theories. This exhibits a behavior which we call “the bouncing stability”. We can explain this behavior as
the shifting of the critical mass before collapse further. Meaning the star have the ability to accrue more mass before
decaying into a black hole, and this leads to the increment of the lifespan of the star. Indeed, we can associate this
feature to the network of domain walls present on the surface of the star.
Looking at the behavior shown in Fig. 4(c), it physically makes sense because in this simulation, the network is
outside the star, which is the same as saying there is no network on the surface, or inside the star, hence resulting in
this behavior.
2. Case 2. Perturbations of the shell of the star
The focus of this case is to study small perturbations applied to the ‘surface term’ (σ − 12σ0)2 in the potential and
to investigate the effect that these perturbations will have on the mass profile of the oscillaton. We perturb the shell
by the introduction of a perturbation field η into the surface term in the potential and fix the parameter σ0 ≈ 1,
leading to the potential given by
V =
1
2
σ2(σ − 1)2 + (φ2 + χ2)2 − φ(φ2 − 3χ2) + [(σ − 1
2
η)2 − 9
4
](φ2 + χ2). (44)
Carefully evolving the η field around σ0, produces small perturbations of shell around the network, by slightly shifting
the shell to entrap the network inside star, or leaving the network outside the star. Here when the shell coincide
exactly with the surface of the network, the surface term in the potential vanishes i.e., (σ − 12η)2 ≈ 0; based on the
knowledge that on the surface of the star σ ≈ 12σ0. Thus we have to send the surface term in equation (44) to zero.
This generates three possibilities:
a) The network forming inside the star (when we consider η ≈ 2),
b) The network forming on the surface of the star, i.e., (σ − 12η)2 ≈ 0,
c) The network forming outside the star (η ≈ 12 ).
In order to find solutions to the EKG equations for all the three possibilities under this case, we invoke the arguments
presented above (a, b and c) on the potential. These conditions serve as the source of the perturbations leading to
the said possibilities. Following the usual numerical routines, we extract and discuss the resulting graphs.
We can see from Fig. 5, a typical radial metric function A(r, t), for the case of central density of σ = 0.4 is plotted.
The solid line shows the first term of the Fourier series expansion, while the dotted line is the second term. This rapid
convergence of the series is typical of all the configurations we have calculated.
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(a)Network of domain walls inside the oscillaton (b)Network of domain walls on the surface the oscillaton
(c)Network of domain walls outside the oscillaton
FIG. 5: A typical solution to the truncated eigenvalue equations (jmax = 1) of the expansion of the metric A(r, t) for the three
possibilities under this perturbations. These simulations are computed for the central densities σ1(0) ≈ 0.4, φ1(0) ≈ 0, and
χ1(0) ≈ 0.
(a)Oscillaton with network of domain
walls inside
(b)Oscillaton with network of domain
walls on the surface
(c)Oscillaton with network of domain
walls outside
FIG. 6: The total mass M of the oscillating soliton star (in units of M2Planck/mσ) is plotted as a function of central density
σ1(0), for all three possibilities. The central densities for the other two fields are fixed at φ1(0) ≈ 0 and χ1(0) ≈ 0. The circles
represent actual configurations resulting from solutions to the eigenvalue equations.
The mass profile from the numerical results for different oscilatons as function of σ1(0) are shown in Fig. 6. In
Fig. 6(a) we have the mass profile for the simulation when the network is sitting inside the oscillaton. This case
reveals a different behavior as compared to that of first case. Here we see that the mass profile exhibit again “the
bouncing stability” with a local maximum ML ≈ 0.104M2Planck/mσ and a critical central density of σc ≈ 1.982.
The mass curve shown in Fig. 6(b), is similar to the configuration presented in the first case, with local maximum
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ML ≈ 0.1M2Planck/mσ. It indicates that, again the star is prevented from decaying into a black hole due to the
presence of network on its surface. We find that in both perturbations it is convenient to have the network on the
surface of the star if we want to ensure the stability of the star.
The Fig. 6(c), shows a general behavior similar to the mass profile in the first case with a maximum mass
Mc ≃ 0.144M2Planck/mσ at σc(0) ≃ 3.0. By comparison, this case present an oscillaton with a delayed decay.
IV. DISCUSSIONS AND CONCLUSIONS
In this work we presented a model that admits formation of network of domain walls living on oscillatons. This was
done by introducing a Lagrangian that contains three scalar fields that is coupled among themselves by a suitable
potential. The potential was chosen to provide the standard spherical oscillating soliton star with a network of domain
walls living on [16].
We used two types of perturbations to simulate the three possibilities; having the network of domain walls inside the
star, or the network forming on the surface of the star, or the network sitting outside the star. These three scenarios
can be thought of as three possible different experiences that an oscillaton can go through in the cosmological evolution.
Sec. III C 1 presented the first case where we considered small perturbations to the whole potential of the system. This
was made possible by working the host field σ around σ0 with the help of a perturbation field η. The next section
presented the second case where we perturbed the surface term in the potential, by carefully evolving the η field
around σ0. These simulations are challenging because of the non-linearity of the Einstein-Klein-Gordon equations
and also due to dynamical characteristics of oscillating soliton stars, with no equilibrium configurations having static
metric components. In this work we truncated the system of equations after a maximum of j = jmax = 1. Although
we have not proved analytically that the series represents an exact solution to the Einstein-Klein-Gordon equations
for the three scalar field system, we have given strong evidence that the series indeed converges rapidly, in both cases
(Figs. 3 and 5).
Since the main objectives of this work is to investigate the effect of network of domain walls on the stability of the
star, we particularly invested much effort in the mass profiling of all configurations in both perturbations. From this
we have demonstrated that the network of domain walls indeed affects the stability of the star. Figs. 4(b), 6(a), and
6(b) present a different behavior from the mass profiles well-known in other theories (for solitons and boson stars).
We can say that the present object of study has two S-branches, the first S-branch is for the part of the star where
there is no network and the second S-branch can be related to the network of domain walls on the star. From the
simulations, we can say that it is energetically favorable for the network to be formed on the surface of the star,
meaning, the formation of network on the surface of the star can be a cosmological mechanism that can ensure the
stability of an oscillating soliton star. Also, we saw interesting results, when we simulated the possibility of having
the network sitting outside the star — Figs. 4(c) and 6(c). We find out that their mass profiles are similar to that in
usual theories. This physically makes sense, since network outside the star can be interpreted as no network on the
star.
To our knowledge this is the first time oscillating soliton stars with network of domain walls are studied. This
investigation has led to the discovery of new type of self-gravitating objects and their existence could have significant
cosmological and astrophysical implications. They can interplay the role with primordial black holes new cosmological
scenarios via transition induced by perturbation of the network. As source of gravitational waves they can provide
new signatures that may be detected in the form of gravitational and electromagnetic waves in the same event. When
such objects are sufficiently close from each other, tidal forces can deform their surface in relation to the network
destroying their stability driving them to collapse to black holes.
Finally, noticed that in this work all the analysis were done without the consideration of temperature, i.e., we
did not consider the effect of temperature on the network. The model presented gives room for the inclusion of
temperature in the form of thermal corrections that will modify the Lagrangian. For instance, one might want to
compute the critical temperature to form network due to QCD phase transition. This issue and many others will be
addressed in the near future.
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